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ABSTRACT

ROBUST CONTROLLER DESIGN FOR TIME-DELAY SYSTEMS

Sana ELMUHANDES

Electrical and Electronics Engineering Program

Anadolu University, Graduate School of Sciences, July 2018

Supervisor: Prof. Dr. Altuğ İFTAR

The main objective of this thesis is to present a method to robustly stabi-

lize retarded linear time-invariant time-delay systems with a presence of multiple

uncertain time delays. As a result, the proposed method obtains the best guar-

anteed exponential decay rate. In this method, the spectral abscissa for the worst

time delay is minimized using a formulated minimax dynamic game problem with

two decision makers. Algorithms are proposed to solve the formulated problem

depending on steepest gradient descent/ascent. Also, an initialization procedure

for designing controller’s free parameters is proposed. Both minimax game and

initialization procedure used to build a complete robust output feedback controller

design algorithm. A software package implements the controller design algorithm

created. Illustrative numerical examples are solved.

Keywords: Time-delay systems, Eigenvalues, Uncertain time delays, Minimax

problem, Robust stability, Feedback controller.

iii



ÖZET

ZAMAN GECİKMELİ SİSTEMLER İCİN GÜRBÜZ DENETLEYİCİ

TASARIMI

Sana ELMUHANDES

Elektrik-Elektronik Mühendisliği Anabilim Dalı

Anadolu Üniversitesi, Fen Bilimleri Enstitüsü, Temmuz 2018

Danışman: Prof. Dr. Altuğ İFTAR

Bu tezin ana amacı, doğrusal zamanla değişmeyen geri-tipli (retarded) za-

man gecikmeli sistemleri çoklu belirsiz zaman gecikmelerinin varlığı durumunda

gürbüz kararlı kılacak bir yöntem sunmaktır. Sonuç olarak, önerilen yöntem en

iyi garantili üstel yaklaşım oranını elde etmektedir. Bu yöntemde, iki karar veri-

ciyle formüle edilmiş en küçük-en büyük dinamik oyun problemi kullanılarak en

kötü zaman gecikmesi için spektral apsis en aza indirgenmiştir. Algoritmalar,

formüle edilmiş problemi en dik gradyan inişine/çıkışına bağlı olarak çözmek için

önerilmiştir. Ayrıca, denetleyicinin serbest parametrelerinin tasarlanması için bir

başlangıç prosedürü önerilmiştir. Hem en küçük-en büyük oyunu hem de başlangıç

prosedürü, bütün bir gürbüz çıktı geri beslemeli denetleyici tasarım algoritması

oluşturmak için kullanılmaktadır. Önerilen denetleyici tasarım algoritmasını uygu-

layan bir yazılım paketi oluşturulmuştur. Açıklayıcı sayısal örnekler çözülmüştür.

Anahtar Kelimeler: Zaman gecikmeli sistemler, Özdeğerler, Belirsiz zaman gecik-

meleri, En küçük-en büyük problemi, Gürbüz kararlılık, Geri-beslemeli denetleyici.
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Hüseyin Ersin EROL and Süleyman Mert ÖZER for giving valuable support
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1. INTRODUCTION

1.1. Overview and Motivation

Delays appear frequently in real-world engineering systems [1]. In many

applications, a response does not take place instantaneously due to different rea-

sons. One of the reasons is the flowing of information between the process and

the controller, this physical distance causes a time delay. Another reason is the

controller itself when it needs a long time relatively to finish computation, see [2].

Dynamical systems can be classified into two classes: finite-dimensional systems

and infinite-dimensional systems. State of an infinite-dimensional system cannot

be represented at any time by a finite set of values like finite-dimensional systems

which can be modeled by ordinary differential equations. On the other hand, delay

differential equations are used to model time-delay systems.

Since the state of a time-delay system cannot be represented by a finite

number of state variables, these systems are in the class of infinite-dimensional sys-

tems [3]. They are described by delay differential equations such that some data

in the past is counted and presented on its model. When the system dynamics

can be described by a delay differential equation where all derivatives of the state

variables appear with delay free terms, such a system is named as a retarded time−

delay system [4]. Retarded type linear time-invariant (LTI) time-delay system has

special properties. Even it has an infinite number of modes, it has a finite number

of modes in C+
µ to the right of µ ∈ R. The retarded LTI time-delay system modes

change continuously with respect to changes in time delays and feedback controller

parameters, see [5].

The transfer function of time-delay systems cannot be written as a ratio of

two polynomials of s, it contains time-delay element which is represented as e−sh,

where h > 0 is the time delay. Time delays are often a source of instability and

poor performance also greatly increase the difficulty of stability analysis and con-

trol design [1]. In this manner, time delay should be considered while designing the

controller. To study the stability of such a system by Routh-Hurwits or Kharitonov

stability test or root locus technique, an approximation for delay element is needed;
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for exact known delay time, Pade approximation algorithm is used. Nyquist sta-

bility criterion is valid for large scale of time-delay systems without the need of

approximation [2]. However, approximation approaches constitute limitations in

the accuracy can lead to instability in the system and include non-minimum phase

and thus high gain problems [6]. Since the introduction of the Smith predictor [7],

many different approaches, such as those based on H∞-optimization [8–14] or Lya-

punov methods [15–18] have been proposed for designing controllers for time-delay

systems. However, those methods need complex formulations.

Recently, control methods for LTI time-delay systems which are based on

eigenvalues approach were widely used. Approaches based on eigenvalues solve the

problem of having infinite system modes and a limited number of freedom in the

controller parameters, by controlling the rightmost mode. One of the methods is

continuous pole placement method. This method was first proposed in [19] for

static feedback controller, such that a finite-dimensional controller designed for an

infinite-dimensional problem. Continuous pole placement method is based on the

fact that there is a finite number of unstable eigenvalues and that the eigenvalues

move continuously with respect to changes in the feedback gain. The continuous

pole placement strategy is to apply small changes to the feedback controller gain to

shift the unstable eigenvalues to the left half plane. This method later got extended

to neutral systems and then applied on large scale time-delay systems, see [20–22].

Another used method is the optimization. Optimization methods are based

on the ability to stabilize the system with respect to system parameters by tuning

the parameters to minimize the real part of the rightmost characteristic root or

the spectral abscissa. In other words, it pushes the roots as far as possible to the

left-half complex plane. Since spectral abscissa is, in general, a nonsmooth and

nonconvex function, a nonsmooth optimization approach was used in [23] to stabi-

lize time-delay systems, and later it is extended to neutral time-delay systems and

applied on large scale time-delay systems, see [24, 25]. Recently, a new approach

is proposed to robustly stabilize time-delay systems based on optimization meth-

ods [26].
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During the process of deriving a mathematical model for the plant usually,

a series of assumptions and simplifications are made [2]. Since the derived system

(nominal system) is not exactly the same as the true physical system, it may con-

tain uncertainty in time delays. In this case, controlling the nominal system is not

sufficient and all possibilities of time delays should be considered. This will lead to

a robustly stable system even in occurrence of the worst time delay. Feedback is

used in control systems to change the dynamics of the system (usually to make the

response stable and sufficiently fast) and to reduce the sensitivity of the system to

signal uncertainty (disturbances) and model uncertainty [27].

In this work, an output feedback controller design to robustly stabilize LTI

retarded time-delay systems will be proposed. The approach depends on placing the

right-most eigenvalue of the system as far as possible in the left half plane such that

it achieves the best guaranteed exponential decay rate for all delays possibilities. To

achieve this aim, a dynamic non-cooperative mini-max game problem is formulated

and solved depending on steepest gradient descent/ascent method.

1.2. Thesis Outline

In Section 2.1 a brief introduction for time-delay system is given; then the

steepest descent/ascent as an optimization method is discussed in Section 2.2. The

problem is stated in Chapter 3. The controller design method and the algorithms

to implement it are presented in Chapter 4. Then, numerical examples are solved

in Chapter 5; followed by a conclusion in Chapter 6. The developed Matlab codes

are included in Appendix.
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2. BACKGROUND

2.1. Time-delay Systems

A system is said to have a delay when the rate of variation in the system

state depends on past states. Such a system is called a time−delay system [1].

Those systems are classified as infinite dimensional systems and modeled using delay

differential equations. Time delay systems generally can be classified into two main

types: retarded type time-delay systems, and neutral type time-delay systems. The

main difference between neutral and retarded systems is that in retarded systems

all the states derivative are free from delays. In this thesis, retarded LTI time-delay

systems are considered. Such systems can be described as:

ẋ(t) =
ν∑
l=0

Alx(t− hl) (2.1)

where x(t) ∈ Rn is the state at time t, Al ∈ Rn×n, is a constant matrix, and

hl ∈ R+, l = 1, . . . , ν, are the time-delays. And h0 := 0 for notational convenience;

i.e., l = 0 in (2.1) corresponds to the delay-free part of the system. It is proved

in [5] that the eigenvalues of the system (2.1) are the system characteristic roots.

The characteristic matrix of system (2.1) described as:

Γ(s) = sI −
ν∑
l=0

Ale
−shl (2.2)

The roots of det(Γ(s)) are the system characteristic roots and can be called

the open-loop modes. It is important to point that even the system has infinitely

many modes, it has a finite number of modes in C+
µ to the right of any given µ ∈ R.

Such modes are called µ-modes. Retarded type time-delay system’s characteristic

roots behave continuously with respect to variations in the system matrices and

delays. All µ-modes in any right half plane to the right of µ ∈ R can be calculated

by the spectral discretization method in [28]. Characteristic roots in any bounded

region can be computed using the quasi-polynomial root finder method in [29].

Similarly to other LTI systems, stability of LTI time-delay systems can be

studied in the frequency domain. LTI time-delay system is considered stable if and
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only if its all modes are taking place in the left-half complex plane, otherwise it

is considered unstable system. The system response speed can be determined by

finding the real part of the rightmost mode, it can be called the system exponential

decay rate. The real part of the rightmost mode can be defined as the spectral

abscissa and described as:

c := max{Re(s) | det(Γ(s)) = 0} (2.3)

2.2. Optimization

Optimization is a procedure to find the minimum or maximum of a function

of several variables, minimization problem can be described as:

minXf(X)

And the maximization problem described as:

maxXf(X)

Cauchy was the first to make use of the negative gradient direction in

1847 for minimization problems [30]. In this method an initial trail point X1 is

chosen, then it is iteratively moved along the steepest descent direction until the

optimum point is found. This method requires that the function is continuous and

differentiable at all the points. The updating rule can be described as:

Xi+1 = Xi − β0∇f(Xi) (2.4)

where β0 is a prechosen small positive step size, and ∇f(Xi) is the gradient of

function f with respect to parameter Xi.

Oppositely the maximizing method used the positive gradient direction,

and similarly, an initial trail point X1 is chosen, then it is iteratively moved along
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the steepest ascent direction until the optimum point is found. The updating rule

can be described as:

Xi+1 = Xi + β1∇f(Xi) (2.5)

where β1 is a prechosen small positive step size.

This optimization method still valid to minimize/ maximize spectral ab-

scissa since it is differentiable almost everywhere. But it is important to point that

the spectral abscissa is a non-convex function with respect to system parameters,

it may converge to local min/max.
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3. PROBLEM STATEMENT

Consider an LTI retarded time-delay system which contains ν independent

time-delays in its state, input, and/or output, which is described as:

ẋ(t) =
ν∑
l=0

Alx(t− hl) +
ν∑
l=0

Blu(t− hl) (3.1)

y(t) =
ν∑
l=0

Clx(t− hl) (3.2)

where x(t) ∈ Rn, u(t) ∈ Rr, and y(t) ∈ Rq are, respectively, the state, input, and

output vectors at time t, Al ∈ Rn×n, Bl ∈ Rn×r, and Cl ∈ Rq×n, l = 0, . . . , ν, are

constant matrices, and hl ∈ R+, l = 1, . . . , ν, are the time-delays. And h0 := 0 for

notational convenience; i.e., l = 0 in (3.1)–(3.2) corresponds to the delay-free part

of the system. In this work, time-delays are assumed to be uncertain, but in some

known interval. Consider that each time-delay hl ∈ R+, l = 1, . . . , ν, is uncertain

with a known minimal value hmin
l ≥ 0 and a known maximal value hmax

l ≥ hmin
l ;

i.e., actual value of hl satisfies

0 ≤ hmin
l ≤ hl ≤ hmax

l (3.3)

For notational convenience, the time-delay vector:

h :=
[
h1 · · · hν

]′
∈ Rν

and the set

Ω := [hmin
1 , hmax

1 ]× · · · × [hmin
ν , hmax

ν ] ⊂ Rν

Then the Output feedback control law is considered

ż(t) =Fz(t) +Gy(t)

u(t) =Hz(t) +Ky(t)
(3.4)

where z(t) ∈ Rm is the state of the controller and F , G, H, and K are real constant

matrices. When the controller dimension m is zero, control law become a static

feedback:

u(t) = Ky(t) (3.5)
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Since there is no direct connection between the input and output in the

system (3.1–3.2) under control law (3.4), then not only the open-loop system is a

retarded system but also the closed-loop system is a retarded system. It is useful

to find the transfer function matrix P (s) and then find the blocking zeros of P (s),

those blocking zeros will be used later in controller initialization procedure. Transfer

function matrix can be described as:

P (s) = (
ν∑
l=0

Cle
−shl)(sI − (

ν∑
l=0

Ale
−shl))(

ν∑
l=0

Ble
−shl) (3.6)

To find the P (s) blocking zeros in any bounded region quasi polynomial

root finder method in [29] can be used. Let us define the blocking zero z to be

‖P (z)‖ = 0 such that z is a zero for all elements in the transfer function matrix.

3.1. Structure of the Controller Matrices

Using multivariable canonical forms [31] reduces the number of free param-

eters [21, 24]. Following the multivariable canonical forms in [31]. Such that the

multivariable controllable canonical form is used when the number of outputs is

more than the number of inputs and its matrices constructions are as following:

F =




f1,1 · · · f1,m

...
. . .

...

fm,1 · · · fm,m

 m ≤ q,



0(m−q)×q Im−q

f1,1 · · · f1,m

...
. . .

...

fq,1 · · · fq,m


m > q.
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G :=




g1,1 · · · g1,q−m

Im
...

. . .
...

gm,1 · · · gm,q−m

 m < q,

Iq m = q,0(m−q)×q

Iq

 m > q.

where m is the controller dimension and q is the outputs number. The free pa-

rameters are fi,j , gi,j, and the elements of H and K matrices. The observable

multivariable canonical form is used when the number of inputs is more than the

number of outputs and its matrices constructions are as following:

F =




f1,1 · · · f1,m

...
. . .

...

fm,1 · · · fm,m

 m ≤ r,


0p×(m−r) f1,1 · · · f1,r

...
. . .

...

Im−r fm,1 · · · fm,r

 m > r.

H :=





Im

h1,1 · · · h1,m

...
. . .

...

hr−m,1 · · · hr−m,m


m < r,

Ir m = r,[
0r×(m−r) Ir

]
m > r.

where m is the controller dimension and r is the inputs number. The free parameters

are fi,j, hi,j, and the elements of G and K matrices. The controller parameters

number is (m + r) × (q + m) and by constructing the controller matrices in its
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multivariable canonical forms the number of free parameters will be m(q + r) + qr

so it is reduced by m2. The controller’s free parameters are collected in one vector

p.

p :=
[
p1 pi · · · pk

]′
,

where p ∈ Rm(q+r)+(qr), i = 1, · · · , k and k = m(q + r) + (qr).

3.2. Closed-loop System

The overall closed-loop system can be described as

E0η̇(t) = A0(p)η(t) +
v∑
i=1

Aiη(t− hi) (3.7)

where η(t) :=
[
x(t)′ y(t)′ z(t)′ u(t)′

]′
, and

E0 :=


In 0 0 0

0 0q 0 0

0 0 Im 0

0 0 0 0r

 , A0(p) :=


A0 0 0 B0

C0 −Iq 0 0

0 G F 0

0 K H −Ir

 ,

and, for i = 1, . . . , v,

Ai :=


Ai 0 0 Bi

Ci 0q 0 0

0 0 0m 0

0 0 0 0r

 .

3.3. Stability of Closed-loop System

The closed-loop characteristic matrix can be described as

Γ(s, p, h) = sE0 −A0(p)−
v∑
j=1

Aje−shj (3.8)

And the spectral abscissa of this closed-loop system can then be defined as:

c(p, h) := max{Re(s) | det(Γ(s, p, h)) = 0} (3.9)
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It is well known that the system (3.1–3.2) under control law (3.4) is stable

if its all modes are in C−. The system is µ stable if c(p, h) < µ. In other words,

we can study the stability of retarded LTI time-delay systems in frequency domain

similarly to other systems without delays, by finding the characteristic roots in the

right half plane, if there is any root, the system is unstable. Otherwise, the system

is considered stable.

3.4. Robust Stability

Representing the plants into mathematical model consists of a chain of as-

sumptions and approximations and that may results in uncertainty in time delays,

neglecting those uncertainties may affect the system stability. A reasonable formu-

lation of this problem is to represent the true physical plant not by a single nominal

but instead by a family F of possible plant models [32].

If it is possible to find a single controller which stabilizes every plant in

family F then this controller called robustly stabilizing controller and the family of

plant F is called robustly stabilized. The system (3.1–3.2) under the control law

(3.4) is said to be robustly stable if and only if c(p, h) < 0 for all h ∈ Ω. So for

particular p let us define:

c∗(p) := max
h∈Ω

c(p, h) (3.10)

then its clear that the closed-loop system is robustly stable if and only if c∗ < 0,

and the exponential decay rate will not be worse than c∗(p) for all h ∈ Ω. Similarly

to [26], convergence to local but not global minimum of the spectral abscissa does

not represent an issue since any negative value of c∗(p) ensures a robust stability of

the system.

3.4.1. Minimax game problem

Here, a non-cooperative dynamic game with two decision makers (players)

is considered [33]. Each player follows a different strategy to guarantee himself the

best result. The first player tries to minimize the spectral abscissa c as much as

he can by changing the controller’s free parameters p. The second player tries to
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maximize the spectral abscissa as much as he can by changing the time delays h

within its bounded interval. They play to find a single controller which stabilizes

every plant in family F the following minimax problem should be solved:

c(p∗, h∗) = min
p

max
h

c(p, h) (3.11)

where p∗ is the controller’s free parameters vector which ensure robust stability of

system (3.1–3.2) under control (3.4), and h∗ is the time delay which maximizes c∗.

At the end of the game the system will be robustly stable if c(p∗, h∗) < 0.

3.4.2. Gradients calculation

Now, for a particular p and h ∈ Ω, let s1 be a simple closed-loop mode.

Then, det(Γ(s1, p, h)) = 0 and, hence, there exists non-zero vectors u, v ∈ Cn (which

depends on p and h) such that;

u∗Γ(s1, p, h) = 0 (3.12)

and

Γ(s1, p, h)v = 0 (3.13)

Now, let us fix h and, following [19], take the derivative of both sides of (3.13) with

respect to the (i)th element, pi, where i = 1, · · · , j, m(q + r) + (qr), by keeping in

mind that s1 also depends on pi:(
∂Γ

∂pi
+
∂s

∂pi

∂Γ

∂s

)
v + Γ

(
∂v

∂pi
+
∂s

∂pi

∂v

∂s

)
= 0 (3.14)

Now, multiply both sides of (3.14) by u∗ from left, use (3.12), and rearrange terms

to obtain:

∂s

∂pi
= −

u∗
(
∂Γ
∂pi

)
v

u∗
(
∂Γ
∂s

)
v

(3.15)

Thus, if s1 is the right-most closed-loop mode,

∂c

∂pi
= −Re

u∗
(
∂Γ
∂pi

)
v

u∗
(
∂Γ
∂s

)
v

 (3.16)

where the partial derivatives on the right-hand side must be calculated at s = s1

and at current p and h. In fact, we have:

∂Γ

∂pi
= −∂A0(p)

∂pi
(3.17)

12



∂Γ

∂s
= E0 +

ν∑
l=1

hlAle−s1hl (3.18)

The gradient of c(p, h) with respect to p is then given as

∂c

∂p
=
[

∂c
∂p1

∂c
∂pi
· · · ∂c

∂pk

]′
(3.19)

where k = m(q + r) + (qr). Next, to find the gradient of c(p, h) with respect to h,

take the derivative of both sides of (3.13) with respect to hl (l = 1, . . . , ν), multiply

both sides by u∗ from left, use (3.12), and rearrange terms to obtain:

∂s

∂hl
= −

u∗
(
∂Γ
∂hl

)
v

u∗
(
∂Γ
∂s

)
v

(3.20)

Thus, if s1 is the right-most closed-loop mode;

∂c

∂hl
= −Re

u∗
(
∂Γ
∂hl

)
v

u∗
(
∂Γ
∂s

)
v

 (3.21)

where, as before, the partial derivatives on the right-hand side must be calculated

at s = s1 and at current p and h. In fact,

∂Γ
∂hl

=
∑ν

l=1 s1Ale−s1hl

and ∂Γ
∂s

is given by (3.18). The gradient of c(p, h) with respect to h is then given as

∂c

∂h
=
[

∂c
∂h1

· · · ∂c
∂hν

]′
(3.22)

3.4.3. Updating rule

To solve the game problem (3.11) the players using different strategies.

First player p starts from a selected initial value, then this value updated using the

rule

pnew = p− β ∂c
∂p

(3.23)

A line search used to choose the value of β. Line search applied by initially

selecting a value for β and choosing βmin , then pnew calculated if c(pnew) < c(p) then

the value of p updated p = pnew otherwise if the value of β > βmin it will updated
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to be β = β/2. The second player strategy is to maximize c(p, h) by choosing h, it

is started by selecting initial value for h then this value updated using the rule

hnew = h+ α
∂c

∂h
(3.24)

A line search used to choose the value of α. Line search applied by initially

selecting a value for α and choosing αmin , then hnew calculated if c(hnew) > c(h)

then the value of h updated h = hnew otherwise if the value of α > αmin it will

updated to be α = α/2.
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4. CONTROLLER DESIGN

The controller design constitutes of several main steps, minimizing the spec-

tral abscissa with respect to controller’s free parameters, maximizing the spectral

abscissa with respect to time delays, and correcting the path of the optimization

using a grid search. Before presenting the controller design algorithm, those steps

will be presented and then initialization procedure will be proposed.

4.1. Minimizing Spectral Abscissa with Respect to Controller’s Free

Parameters

Similarly to [34] an algorithm to minimize c(p, h) with respect to p at a

particular h can be presented as following:1

Algorithm 1 (to minimize c(p, h) with respect to p, starting with a given pinit):

1. Initialize p = pinit.

2. Choose a step size β > 0 (e.g., β = 1).

3. Calculate ∂c
∂p

. If ‖ ∂c
∂p
‖ < ε0, go to step 7. Otherwise, continue with step 4.

4. Let pnew = p− β ∂c
∂p

.

5. If c(pnew, h) < c(p, h), let p = pnew and go to step 2. Otherwise, continue with

step 6.

6. If β > βmin let β ← β/2 and go to step 4. Otherwise, continue with step 7.

7. Let p† = p and return to the main algorithm.

This algorithm can be used to design a suitable controller with a specific dimension

in a particular h without uncertainty. In this work, it is used as a part of the main

algorithm which is established to design a controller for a LTI time-delay system

with multiple uncertain delays.

1ε, ε0, εfm, εz, ε1, ε2, βmin, and αmin are prechosen positive small numbers and hnewl is the lth

element of hnew.
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4.2. Maximizing Spectral Abscissa with Respect to Time Delays

Similarly to [34] an algorithm to maximize c(p, h) with respect to h at a

particular p. can be presented as following:

Algorithm 2 (to maximize c(p, h) with respect to h, starting with a given hinit ∈

Ω):

1. Initialize h = hinit.

2. Choose a step size α > 0 (e.g., α = 1).

3. Calculate ∂c
∂h

. If ‖ ∂c
∂h
‖ < ε1, go to step 8. Otherwise, continue with step 4.

4. Let hnew = h+ α ∂c
∂h

.

5. For l = 1, . . . , ν,

i) if hnew
l > hmax

l , let hnew
l = hmax

l ;

ii) if hnew
l < hmin

l , let hnew
l = hmin

l ;

and update hnew accordingly. If ‖hnew − h‖ < ε2, go to step 8. Otherwise,

continue with step 6.

6. If c(p, hnew) > c(p, h), let h = hnew and go to step 2. Otherwise, continue with

step 7.

7. If α > αmin, let α← α/2 and go to step 4. Otherwise, continue with step 8.

8. Let h† = h and return to the main algorithm.

4.3. Grid Search to Find Actual Maximizing Time Delays

Since the spectral abscissa is a non-concave function and it may contain

multiple minima or maxima, there is no guarantee that the result of Algorithm 2

will converge to a global maximum within the bounded interval. Because of that,

a search grid applied to find the actual hmax which maximize the spectral abscissa

to be compared with the result of Algorithm 2, and corrects the game path by

restarting from the found h∗. The grid search is applied by selecting a number of
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delays and find the value of real part of the spectral abscissa for each selected delay

then compare the values to find the actual maximizing time delays. This can be

represented in steps as in the following algorithm.

Grid search Algorithm to find hmax which maximize c(p, h)

1. Select a grid of M points,h1, . . . , hM ∈ Ω.

2. Let i = M and hmax = h∗.

3. if c(p, hi) > c(p, hmax) let hmax = hi. Continue to next step.

4. if i > 1; i = i− 1 and return to step 3.

4.4. Initialization Procedure

It is well known that the spectral abscissa is typically not everywhere dif-

ferentiable, even not everywhere Lipschitz continuous, although it is differentiable

almost everywhere [23]. However, the spectral abscissa is nonconvex with respect

to the feedback controller parameters. Therefore, complete randomly initialization

for the feedback controller may not result in the success of stabilizing the system.

Before starting the controller design we initially should check two important

points. First, check if there is any unstable fixed mode or approximately fixed mode

for all h ∈ Ω, if there is any unstable fixed mode then we cannot stabilize the

system using any controller dimension. Second, the initial controller should satisfy

the parity interlacing property (PIP) for all h ∈ Ω.

4.4.1. Fixed modes

If there exists an unstable fixed mode, then this mode cannot be moved by

any feedback controller (not just by static output feedback, but even with dynamic

or time-delay controllers - see [4]) Because of that, a static feedback controller is

applied and the unstable modes are checked whether they are fixed modes or not for

all h ∈ Ω. The open-loop mode, s1 (whether simple or multiple), is a fixed mode [4]

of the original system (3.1)–(3.2), for some h ∈ Ω, if

rank
[
s1I −

∑ν
l=0 Ale

−s1hl
∑ν

l=0 Ble
−s1hl

]
< n (4.1)
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or

rank

 s1I −
∑ν

l=0Ale
−s1hl∑ν

l=0 Cle
−s1hl

 < n (4.2)

Another way to check if the modes are fixed or even approximately fixed

modes is to find the gradient of spectral abscissa with respect to controller’s free

parameters at s1 such that if it is equal zero, then s1 is a fixed mode and if it is

approximately zero, then the mode s1 is an approximate fixed mode.

4.4.2. Satisfy parity interlacing property

PIP states that a plant is strongly stabilizable if and only if the number

of poles of the plant between every pair of real extended right half plane zeros of

the plant is even [35]. Where, the system considered strongly stabilizable if it is

stabilizable by a stable controller. A robust stabilizing controller can be found if

and only if the initial controller satisfies the so called PIP for all h ∈ Ω. This means

that between any two system blocking zeros there should be an even number of

real modes and there is an even number of system real modes to the right of the

rightmost system blocking zero. Note that we can set the minimum dimension of

the initial controller to be equal the added number of eigenvalues to matrix F . The

steps (4 to 6) in Algorithm 3 show the procedure in details.

4.5. Controller Design Main Algorithm

Now, we can present our main algorithm to design a robust controller. In

this algorithm, we aim to design a controller with the least possible dimension m,

not to exceed some given upper limit mmax, which moves all the closed-loop modes

as far left as possible into C−µ , for some given µ < 0, for all h ∈ Ω.

Algorithm 3 (Main Algorithm):

1. Let iter = 0 and srmrm = µ.

2. Choose a grid of M points, h1, . . . , hM , in Ω.

3. For l = 1, . . . ,M , do the following:

i) Let h = hl.
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ii) Calculate the open-loop µ-modes, Ψµ(ΣOL(h)), of the system ΣOL(h),

where ΣOL(h) denotes the open-loop system (3.1) with the time-delay

vector h.

iii) For each s1 ∈ Ψµ(ΣOL(h)), with Im(s1) ≥ 0,2 do the following:

a) Calculate ∂s
∂p

at s = s1 and p = pOL, using (3.15), where pOL = 0qr×1

is the free parameter vector corresponding to m = 0 and K = 0. If

‖ ∂s
∂p
‖ < εfm, then s1 is either a fixed mode or an approximate fixed

mode of ΣOL(h), and hence there is either no solution or such a

solution requires a controller with very high gains (such a controller

can not be robust in general). Thus, declare failure and stop.

b) If Im(s1) = 0 and s1 > srmrm, let srmrm = s1.

4. If srmrm = µ, let m = mmin = 0 and go to step 7.

5. For l = 1, . . . ,M , do the following:

i) Let h = hl.

ii) Find the real blocking zeros, zh1 , . . . , z
h
nz (in ascending order), of ΣOL(h)

between µ and srmrm. If nz = 0 (i.e., if there are no such zeros), let

nrgn = 0 and go to step iv.

iii) Let nrgn = 0, znz+1 := srmrm+εz and, for k = 1, . . . , nz, do the following:

If there are an odd number (counting multiplicities) of real modes

of ΣOL(h) between zk and zk+1, let nrgn = nrgn + 1, ζ−nrgn = zk,

ζ+
nrgn = zk+1.

iv) If l = 1, let mmin = nrgn and, if nrgn 6= 0, for k = 1, . . . , nrgn, let Z−k = ζ−k

and Z+
k = ζ+

k , and go to step viii.

v) If mmin 6= nrgn, go to step vii. Otherwise, if nrgn 6= 0, for k = 1, . . . , nrgn,

do the following:

a) Let Z−k = max(Z−k , ζ
−
k ) and Z+

k = min(Z+
k , ζ

+
k ).

2Since the modes of a real system are either real or occur in complex-conjugate pairs and a non-

real mode is fixed if and only if its complex-conjugate is also fixed, we do not need to check for

the modes with negative imaginary part.
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b) If Z−k ≥ Z+
k , go to step vii.

vi) Go to step viii.

vii) PIP can not be satisfied for all h ∈ Ω by the same controller; i.e., there

is no solution to the robust controller design problem. Thus, declare

failure and stop.

viii) Continue.

6. Let m = mmin. If m > 0, for k = 1, . . . ,m, choose λk in the interval (Z−k , Z
+
k ).

7. If m > mmin, choose λmmin+1, . . . , λm (each of which is either real or occur in

complex-conjugate pairs) randomly in C−µ .

8. Initialize the free parameters of F so that F has eigenvalues λ1, . . . , λm. Ini-

tialize the free parameters of G, H, and K randomly (if m = 0, only the

entries of K are initialized randomly). Then choose the initial free parame-

ters vector p0 accordingly. Also choose the initial time-delay vector h0 ∈ Ω

randomly and let n = 0 and count = 0.

9. Run Algorithm 1 with h = hn and pinit = pn to minimize c(p, hn). Let

pn+1 = p†, the minimizing p.

10. Run Algorithm 2 with p = pn+1 and hinit = hn to maximize c(pn+1, h). Let

hn+1 = h†, the maximizing h.

11. If ‖hn+1−hn‖ < ε, let p∗ = pn+1, h∗ = hn+1, and continue with the next step.

Otherwise, let n = n+ 1 and go to step 9.

12. Choose a grid of M points, h1, . . . , hM , in Ω. Let hmax = h∗, cmax = c(p∗, h∗),

and, for l = 1, . . . ,M , do the following:

If c(p∗, hl) > cmax, let hmax = hl and cmax = c(p∗, hl).

13. If hmax = h∗ go to step 15. Otherwise, continue with the next step.

14. If count < countmax, let count = count+ 1, n = 0, h0 = hmax, p0 = p∗ and go

to step 9. Otherwise, let h∗ = hmax and continue with the next step.
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15. If iter = 0, let c∗ = c(p∗, h∗), p∗∗ = p∗, iter = iter + 1 and go to step 7.

Otherwise, continue with the next step.

16. If c(p∗, h∗) < c∗, let c∗ = c(p∗, h∗) and p∗∗ = p∗.

17. If iter < itermax, let iter = iter + 1 and go to step 7. Otherwise, continue

with the next step.

18. If c∗ < µ, form the optimal robust controller with the free parameters p∗∗

and stop. Otherwise, continue with the next step.

19. If m < mmax, let m = m + 1, iter = 0, and go to step 7. Otherwise, declare

failure and stop.

4.5.1. Algorithm 3 explanation

Algorithm 3 can be divided into two main parts, first part contains steps

1 to 6. This part implements the initialization procedure such that in step 1 the

rightmost real mode ’srmrm’, and iteration number iter initialized. In steps 3 and

4 for every h ∈ Ω the open loop system modes to the right of µ < 0 are checked

whether they are approximate µ fixed modes or not, in the same time srmrm checked

and updated. Then in step 5 the real blocking zeros in the region (µ < R < srmrm)

are found, then the real modes between every two blocking zeros are counted, also

the real modes between the rightmost zero and ’srmrm’ are counted. If any region

contains an odd number of real modes then the counter ’nrgn’ increased by one for

each region. This step repeated for each h ∈ Ω and for each h the resulted re-

gions compared by the regions resulted by the previous h, such that the region for

h updated by finding the intersection between the regions and the previous found

ones. If there is any conflict in regions such that any resulted region has a lower

bound higher than its higher bound or if the number of regions is different, then the

procedure declares failure. The minimum controller dimension ’mmin’ determined

in step 4 to be zero if the system doesn’t have any real mode to the right of µ and

steps 5 and 6 skipped, or ’mmin’ determined in step 5, such that after success to

find suitable regions, then ’mmin = nrgn’ since the number of regions equals the
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number of needed eigenvalues to be added to controller matrix F to satisfy PIP.

The second part contains steps 7 to 17, in those steps a controller is de-

signed for specific controller dimension using multiple initial points. Such that,

steps 9, 10, and 11 solves the minimax problem by running Algorithms 1 and 2.

Step 12 applies a grid search to find the actual maximizing hmax to be compared in

step 13 with h∗. In step 14, if the counter of iterations does not exceed its higher

limit, then the minimax problem solving with actual hmax and p∗, The counter is

added such that the steps 9 to 14 restricted by a max number of iterations to avoid

oscillations. Step 15, 16, and 17 give the opportunity to test itermax number of

initial points results to be compared and the best to be chosen.

In steps 18, and 19 the algorithm stopped either by success if c∗ < µ or by

failure if m reach its predetermined maximum. Algorithm 3 implemented in Matlab

codes package which contains a main function and sub functions to design a robust

output feedback controller for retarded LTI time-delay systems. Codes and their

explanations are given in the Appendix.

4.6. Limitations of the Procedure

The controller design using Algorithm 3 may fail to design the desired

controller because of the following reasons:

1. Existence of an unstable fixed mode or an approximately fixed mode for any

h ∈ Ω.

2. If it is not possible to initialize a controller such that it satisfies the so called

PIP for all h ∈ Ω.

3. Occurrence of oscillation such that the Algorithm keeps running between steps

9 to 11, the minimization and maximization keep oscillating between some

values.

If the mentioned reasons 1 or 2 occurs then the system cannot be robustly stabilized

for all h ∈ Ω by a single controller. But if the third problem occurs, then an

22



alternative method explained in the next section can be used.

4.6.1. Second option to solve the oscillation problem

To solve the oscillation problem between step 9 to 11 in the main algorithm,

an altarnative algorithm given as following:

Algorithm 4 (Alternative Algorithm):

1-7. Same as steps 1-7 of Algorithm 3.

8. Initialize the free parameters of F so that F has eigenvalues λ1, . . . , λm. Ini-

tialize the free parameters of G, H, and K randomly (if m = 0, only the

entries of K are initialized randomly). Then choose the initial free parame-

ters vector p0 accordingly. Also choose the initial time-delay vector h0 ∈ Ω

randomly.

9. Let p = p0 and h = h0

10. Choose a grid of M points, h1, . . . , hM , in Ω.

11. For l = 1, . . . ,M , do the following:

If c(p, hl) > c(p, h), let h = hl.

12. Choose a step size β > 0 (e.g., β = 1).

13. Calculate ∂c
∂p

at present p and h. If ‖ ∂c
∂p
‖ < ε0, go to step 18. Otherwise,

continue with the next step.

14. Let pnew = p− β ∂c
∂p

.

15. Let hmax = h, and for l = 1, . . . ,M , do the following:

If c(pnew, hl) > c(pnew, hmax), let hmax = hl.

16. If c(pnew, hmax) < c(p, h), let p = pnew, h = hmax and go to step 12. Otherwise

continue with the next step.

17. If β > βmin let β ← β/2 and go to step 14. Otherwise, continue with the next

step.
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18. If iter = 0, let p∗ = p, h∗ = h, iter = iter + 1 and go to step 7. Otherwise,

continue with the next step.

19. If c(p, h) < c(p∗, h∗), let p∗ = p, h∗ = h.

20. If iter < itermax, let iter = iter + 1 and go to step 7. Otherwise, continue

with the next step.

21. If c(p∗, h∗) < µ, form the optimal robust controller with the free parame-

ters p∗ and stop. Otherwise, continue with the next step.

22. If m < mmax, let m = m + 1, iter = 0, and go to step 7. Otherwise, declare

failure and stop.

This alternative is valid for all cases but it consumes longer time compared

to Algorithm 3. The results of both alternatives were approximately equal for the

tested examples.
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5. NUMERICAL EXAMPLES

5.1. Example 1

A single input single output system with single delay in its state is consid-

ered:

ẋ(t) = A0x(t) + A1x(t− h1) +B0u(t) (5.1)

y(t) = C0x(t) (5.2)

where

A0 =

−1.5 0

0 −0.9

 , A1 =

−1 0

−1 −1


B0 =

−0.5

1

 , C0 =
[
1 0.1

]

The nominal value of the uncertain time-delay h1 is assumed to be h1
0 = 8

and its minimum and maximum values are assumed to be 6 and 9, respectively.

The open-loop system has an unstable pair of modes at 0.004± 0.3469i. Algorithm

3 used to design a robustly stable controller, since the system for all h ∈ Ω has no

unstable real modes, steps 5 and 6 in algorithm 3 are skipped and set mmin = 0.

Robust stabilizing the system by static controller failed and the best exponential

decay rate can be achieved for all h ∈ Ω is 0.0030 at K = −0.7919.

The controller dimension m is increased by 1, then a robust controller

described as:

ż(t) = 0.0145z(t) + y(t)

u(t) = 0.1131z(t)− 0.8338y(t)

is designed, it has an exponential decay rate−0.0028 for the worst delay case h∗ = 9.

The open-loop µ-modes and closed-loop µ-modes are shown in Figure 5.1.
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Figure 5.1 (i) Open-loop µ-modes for h = h0 (red stars); (ii) Closed-loop µ-modes

at h = h0(blue squares), (iii) Closed-loop µ-modes at h = h∗ (purple diamonds). For

Example 1, µ = −0.01.

5.2. Example 2

A single input single output system with single delay in its input is consid-

ered.

ẋ(t) = A0x(t) +B1u(t− h1) (5.3)

y(t) = C0x(t) (5.4)

where

A0 =


−4.8 4.7 3

−0.3 1.4 −0.55

−0.7 3.1 −1.5



B1 =


0.3

0.7

0.1

 , C0 =
[
−2 3 0.20

]

The nominal value of the uncertain time-delay h1 is assumed to be h1
0 = 0.5

and its minimum and maximum values are assumed to be 0.35 and 0.65, respectively.
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Figure 5.2 (i) Open-loop µ-modes for h = h0 (red stars); (ii) Closed-loop µ-modes con-

troller with dimension 1 and h = h0(blue squares), (iii) Closed-loop µ-modes for controller

with dimension 1 and h = h∗ (purple diamonds). For Example 2, µ = −0.15.

The system has unstable open-loop mode at 0.3278 and one blocking zero at 0.2155.

The minimum controller dimension set to mmin = 1, since the blocking zero and

the unstable mode are delay independent, the initial controller eigenvalue selected

at the middle of the region [0.2115, 0.3278] to be 0.2717. Then a robust controller,

described as:

ż(t) = 0.5758z(t) + y(t)

u(t) = −0.8719z(t)− 0.2916y(t)

is designed to finally has an exponential decay rate −0.0653 at the worst time-delay

case h∗ = 0.65. The open-loop µ-modes and closed-loop µ-modes are shown in

Figure 5.2.

5.3. Example 3

A single input single output system with one delay in state and one delay

in input system described as:

ẋ(t) = A0x(t) + A2x(t− h2) +B1u(t− h1) (5.5)

y(t) = C0x(t) (5.6)
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where

A0 =

−2.5 0.5

0 −3.5

 , A2 =

3 −1

0 5


B1 =

−3.5

3

 , C0 =
[
0.5 2.25

]

The nominal value of the uncertain time-delay h1 is assumed to be h1
0 = 0.7

and its minimum and maximum values are assumed to be 0.65 and 0.75, respec-

tively. The nominal value of the uncertain time-delay h2 is assumed to be h2
0 = 0.8

and its minimum and maximum values are assumed to be 0.7 and 0.85, respectively.

This example is taken from [36] where a finite controller dimension and an infinite

controller dimension were designed, here an uncertainty added to time delays and

a robust finite controllers of dimension 0 and 1 are designed.

The system has no fixed modes and has no blocking zeros in the right half

plane so the minimum controller dimension set to mmin = 0. The real rightmost

open-loop mode of the system is changed between 0.3175 and 0.3489 by changing

h1 so srmrm = 0.3489. A static feedback controller is first designed K = −0.4957 at

nominal time delays and resulted in c = −0.0233, then the design steps continued

to finally have c = −0.0085 using the robust static output feedback controller

K = −0.4969. To improve the result a robust controller of dimension 1, described

as:

ż(t) = −0.9737z(t) + y(t)

u(t) = −0.2069z(t)− 0.2782y(t)

is designed with guaranteed exponential decay rate c = −0.0185. For both con-

trollers h∗ found to be
[
0.75 0.75

]′
. The open-loop µ-modes and closed-loop µ-

modes are shown in Figure 5.3.
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Figure 5.3 (i) Open-loop µ-modes for h = h0 (red stars); (ii) Closed-loop µ-modes for

K = −0.4969 and h = h∗ (purple diamonds), (iii) Closed-loop µ-modes for controller with

dimension 1 and h = h∗ (green pluses). For Example 3, µ = −0.15.

5.4. Example 4

A system with two input and two outputs, with two delays is considered.

ẋ(t) = A0x(t) + A1x(t− h1) +B1u(t− h1) +B2u(t− h2) (5.7)

y(t) = C1x(t− h1) (5.8)

where

A0 =


0.1 −0.5 −0.3 0.3

0 0.1 0.2 −0.2

0 0 0.1 0

0 0.4 0.3 −0.4



A1 =


0 1 0 0

0 0 1 0

0 0 0 1

−0.0360 −0.426 −2.66 −3.84


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B1 =


0 0

0 0

0 0

0 1

 , B2 =


0.3 0

0.1 0

0.3 0

0.1 0


C1 =

0.01 −0.13 0.2 1

0.04 −0.58 1.7 1



The nominal value of the uncertain time-delay h1 is assumed to be h1
0 =

0.25 and its minimum and maximum values are assumed to be 0.20 and 0.30, re-

spectively. And the nominal value of the uncertain time-delay h2 is assumed to be

h2
0 = 1.8 and its minimum and maximum values are assumed to be 1.75 and 1.85,

respectively. The system has a pair of unstable open loop modes at 0.116±0.0926i,

and it has no unstable real modes so the minimum controller dimension set to

mmin = 0 and a static feedback controller, described as:

K =

 1.2380 0.1661

−0.9326 −0.0368


is designed to robustly stabilize the system even in the worst time-delay case h∗ =[
0.3 1.85

]′
with an exponential decay rate −0.0289. The open-loop µ-modes and

closed-loop µ-modes are shown in Figure 5.4.
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Figure 5.4 (i) Open-loop µ-modes for h = h0 (red stars); (ii) Closed-loop µ-modes

at h = h0(blue squares), (iii) Closed-loop µ-modes at h = h∗ (purple diamonds). For

Example 4, µ = −0.04.
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6. CONCLUSION

An approach to robustly stabilize retarded LTI time-delay systems with

multiple uncertain time delays has been presented. Both static and dynamic output

feedback controllers have been considered. The approach has been implemented by

algorithms, which includes initialization procedure, and solves the minimax problem

which has been formulated to obtain the best guaranteed exponential decay rate,

even in the worst time delay case. The initialization procedure first checks the

possibility of robustly stabilizing the plant by a single controller to avoid waste of

time for systems which cannot be robustly stabilized by a single controller. Then it

determines the minimum possible controller dimension. Numerical examples have

been solved to show the ability to robustly stabilize retarded LTI time-delay systems

using the proposed approach.
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APPENDIX

Algorithms 3 and 4 implemented in a Matlab codes package, this appendix contains

the Matlab codes and functions and explanation for some parts. 1

1. Basic Functions

Basic functions are functions called by other functions, those functions

written as separate functions to make coding easier.

1.1. Finding Characteristic Matrix Function

This function finds the system characteristic matrix X. It returns a vector

t which is a time delays symbols to be used with other functions.

f unc t i on [ t ,X] = char matr ix d (E0 ,A, t0 )

%E0 ,A ar ethe c l oo s ed loop system m a t r i c i e s where A={A0 , A1

, . . . , Ai}

% t0 i s time de lays vec to r where t0 ={0;h1 ; . . . ; h i }

syms s ;

t=sym(' t' , s i z e ( t0 ) ) ;

SizeA=s i z e (A) ;

X=s*E0 ;

f o r i =1: SizeA (2)

X=X−A{ i }*exp(−s* t ( i ) ) ;

end

end

1.2. Finding the µ Modes and Spectral Abscissa in a Bounded Region

This function use QPmR function to find the µ modes of the system R and

the spectral abscissa c by finding the roots of the characteristic matrix in a given

bounded region.

f unc t i on [R, c ] = computec ( X,K, Ki , t , t0 , r eg i on )

X=subs (X,K, Ki ) ;

X=subs (X, t , t0 ) ;

1The symbols differ between the algorithms and codes
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Xd=det ( subs (X) ) ;

F=matlabFunction (Xd) ;

R= [ ] ;

ds =0.01;

whi l e ( isempty (R) )

R=QPmR( reg i on ,F, 1 e−6, ds ) ;

i f i snan ( R)

R=QPmR( reg i on ,F, 1 e−6, ds *10) ;

end

[ r s I ]=max( r e a l (R) ) ;

c=R( I ) ;

i f i snan ( R)

R= [ ] ;

a=( r eg i on ( 1 , 2 )−r eg i on ( 1 , 1 ) ) /7

reg ion1=reg i on

f o r reg =1:1:7

r eg ion1 =[ reg ion1 ( 1 , 1 ) , ( r eg ion1 ( 1 , 1 )+a ) , r eg ion1

( 1 , 3 ) , r eg ion1 ( 1 , 4 ) ] ;

Rn=QPmR( reg ion1 ,F, 1 e−6, ds ) ;

i f i snan (Rn)

Rn= [ ] ;

a 1=( reg ion1 ( 1 , 4 )−r eg ion1 ( 1 , 3 ) ) /7

reg ion21=reg ion1

f o r reg2 =1:1:7

r eg ion1 =[ reg ion21 ( 1 , 1 ) , ( r eg ion21 ( 1 , 2 ) ) , r eg ion21

( 1 , 3 ) , r eg ion21 ( 1 , 3 )+a 1 ] ;

Rn2=QPmR( reg ion21 ,F, 1 e−6, ds ) ;

i f i snan (Rn2)

Rn2 = [ ] ;

end

i f ˜ isempty (Rn2)

s i z R2=s i z e (Rn)

s iz Rn2=s i z e (Rn2)
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Rn( s i z R2 (1) +1: s i z R2 (1)+s iz Rn2 (1) )=Rn2

end

end

i f ˜ isempty (Rn)

s i z R=s i z e (R)

s iz Rn=s i z e (Rn)

R( s i z R (1) +1: s i z R (1)+s iz Rn (1) )=Rn

end

reg ion1 ( 1 , 1 )=reg ion1 ( 1 , 2 ) ;

end

end

[ r s I ]=max( r e a l (R) ) ;

c=R( I ) ;

end

i f isempty (R)

r eg i on ( 1 , 1 )= reg i on ( 1 , 1 )−1;

r eg i on ( 1 , 2 )= reg i on ( 1 , 2 ) +1;

r eg i on ( 1 , 3 )= reg i on ( 1 , 3 )−1;

r eg i on ( 1 , 4 )= reg i on ( 1 , 4 ) +1;

end

end

end

1.3. Finding the System Eigenvalues to the Right of µ and Define a

Region

This function use discretisation method function to find the system eigen-

values to the right of µ, then it defines a rectangle region such that it contains all

the found eigenvalues and adds a margin.

f unc t i on [ r eg i on c e i g s ] = computeregion (E,A, t0 ,mu)

% This func t i on f i n d s the system e igen va lues and then
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s e l e c t the r eg i on

% depending on the max and min va lue s founded . ” ext ra margins

added to

% the s e l e c t e d r eg i on ”

%

s i z e A=s i z e (A) ;

j =1;

f o r i =1: s i z e A (2)

i f ˜ isempty (A{1 , i })

A1{1 , j}=A{1 , i } ;

hA( j , 1 )=t0 ( i , 1 ) ;

j=j +1;

end

end

opt ions . m in ima l r ea l pa r t =(mu−0.01) ;

sys .E=E;

sys . hE=0;

sys .A=A1 ;

sys .hA=(hA) ;

[ e i g e n v a l u e s ]= DDAE characte r i s t i c root s ( sys , opt ions ) ;

i f ( (max( r e a l ( e i g e n v a l u e s . l 1 ) ) ) +0.1)<opt ions . m in ima l r ea l pa r t

r eg i on =[round (max( r e a l ( e i g e n v a l u e s . l 1 ) )−1.6) , round ( abs (max

( r e a l ( e i g e n v a l u e s . l 1 ) ) ) +9.6) , −round ( abs (max( imag (

e i g e n v a l u e s . l 1 ) ) ) +5.6) , round ( abs (max( imag ( e i g e n v a l u e s .

l 1 ) ) +5.6) ) ] ;

e l s e

r eg i on =[ opt ions . m in ima l r ea l pa r t , round ( abs (max( r e a l (

e i g e n v a l u e s . l 1 ) ) ) +9.6) , −round ( abs (max( imag ( e i g e n v a l u e s . l 1 )

) +5.6) ) , round ( abs (max( imag ( e i g e n v a l u e s . l 1 ) ) +5.6) ) ] ;

end

c= max( r e a l ( e i g e n v a l u e s . l 1 ) ) ;

i f isempty ( c )
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r eg i on =[−2,3,−2,+2] ;

end

e i g s=e i g e n v a l u e s . l 1 ;

end

1.4. Compute Gradients

The first function finds the gradient of the spectral abscissa with respect

to controller parameters.

f unc t i on [ GradK ] = gradMiMoK( X, Ki , t i , s1 )

% f i n d s the g rad i en t o f c with r e s p e c t to Ki

syms s ;

[m, n ] = s i z e ( Ki ) ;

t s=s i z e ( t i ) ;

t=sym(' t' , [ t s ] ) ;

K= sym('K' , [m, n ] ) ;

GradK=ze ro s (m, n) ;

Kn=reshape (K , [ ] , 1 ) ;

Gs=d i f f (X, s ) ;

Gs=subs (Gs ,K, Ki ) ;

Gs=subs (Gs , t , t i ) ;

Gs=subs (Gs , s , s1 ) ;

X1=subs (X,K, Ki ) ;

X1=subs (X1 , t , t i ) ;

X1=(subs (X1 , s , s1 ) ) ;

[ u S v]=svd (X1) ;

V=(v ( : , end ) ) ;

[ u S v]=svd ( t ranspose (X1) ) ;

U= transpose ( ( v ( : , end ) ) ) ;

% V=n u l l ( double (X1) ) ;

% U=transpose ( n u l l ( t ranspose ( double (X1) ) ) ) ;

[ i j ]= s i z e (Kn) ;

f o r j= 1 : i

GK=d i f f (X,Kn( j ) ) ;
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GK=subs (GK,K, Ki ) ;

GK=subs (GK, t , t i ) ;

GK=subs (GK, s , s1 ) ;

GradK( j )=−r e a l ( double ( ( (U) *(GK) *(V) ) / ( ( (U) * ( (Gs) ) *(V) ) ) ) ) ;

end

GradK=reshape (GradK , [m, n ] ) ;

end

The second function finds the gradient of the spectral abscissa with respect to time

delays.

f unc t i on [ Gradt ] = gradMiMot ( X, Ki , t i , s1 , tmin , tmax )

% f i n d s the g rad i en t o f c with r e s p e c t to t at t i and Ki

%s1 i s the most r i g h t e i g enva lue .

syms s ;

[m, n ] = s i z e ( Ki ) ;

t s=s i z e ( t i ) ;

t=sym(' t' , [ t s ] ) ;

K= sym('K' , [m, n ] ) ;

Gradt=ze ro s ( t s ) ;

Gs=d i f f (X, s ) ;

Gs=subs (Gs ,K, Ki ) ;

Gs=subs (Gs , t , t i ) ;

Gs=subs (Gs , s , s1 ) ;

X1=subs (X,K, Ki ) ;

X1=subs (X1 , t , t i ) ;

X1=(subs (X1 , s , s1 ) ) ;

[ u S v]=svd (X1) ;

V=(v ( : , end ) ) ;

[ u S v]=svd ( t ranspose (X1) ) ;

U= transpose ( ( v ( : , end ) ) ) ;

% V=n u l l ( double (X1) ) ;

% U=transpose ( n u l l ( t ranspose ( double (X1) ) ) ) ;

[ i j ]= s i z e ( t ) ;

f o r j= 1 : i
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Gt=d i f f (X, t ( j ) ) ;

Gt=subs (Gt ,K, Ki ) ;

Gt=subs (Gt , t , t i ) ;

Gt=subs (Gt , s , s1 ) ;

Gradt ( j )=−r e a l ( double ( ( (U) *(Gt) *(V) ) / ( ( (U) * ( (Gs) ) *(V) ) ) ) ) ;

end

Gradt=reshape ( Gradt , t s ) ;

f o r i =1: t s (1 )

i f ( tmin ( i )==tmax( i ) )

Gradt ( i ) =0;

end

end

end

1.5. Applying Grid Search to Find Actual Maximizing h

This function applies grid search to find actual maximizing h.

f unc t i on [ tnew , c ] = max c h gr id (X,K, Ki , t , t0 , tmin , tmax , r eg i on ,

a )

% This func t i on apply in a g r id search to f i n d the max c and

r e l a t e d tnew .

cc = [ ] ;

t s=s i z e ( t0 )

F=c e l l ( t s )

tn ={};

tnew=t0 ;

[ ˜ , c ] = computec ( X,K, Ki , t , t0 , r eg i on ) ;

% p lo t ( t0 (2 ) , c , ' . r ')

% hold on

% gr id on

f o r i =1:1 : t s (1 )

tn ( i )={ndgrid ( tmin ( i ) : a : tmax( i ) ) } ;

end

[F{ :} ]= ndgrid ( tn { :} ) ;
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gp=prod ( s i z e (F{1 , 1} ) )

f o r j =1:1 : gp

f o r i =1:1 : t s (1 )

t0 ( i )=F{ i , 1} ( j ) ;

end

[ ˜ , c1 ] = computec ( X,K, Ki , t , t0 , r eg i on ) ;

% p lo t ( t0 (2 ) , c1 , ' . r ')

i f ( r e a l ( c1 )>r e a l ( c ) )

c=c1 ;

tnew=t0 ;

end

cc ( j )=c1 ;

end

end

2. Initialization procedure Functions

Initialization procedure mainly implemented by two sub-functions in the

Main function.

2.1. Checking Fixed Modes

First function checks if there is any fixed modes for all h ∈ Ω and at the

same time finds the right most real open loop mode crmrm for all h ∈ Ω

f unc t i on [ c rrm , Fixed , v ] = s t a r t 2 (A,B,C,D, t0 , tmin , tmax , n , q , p ,

mu, a )

t s=s i z e ( t0 ) ;

F=c e l l ( t s ) ;

Fixed = [ ] ;

tn ={};

d=0;

v=0;

c rrm=mu

j j =1;

[E , Ac , ˜ , ˜ ] = c l o s e d s y s f (n , d , q , p ,A,B,C,D, t0 , [ ] , 1 , [ ] ) ;
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Ki=ze ro s (p , q ) ;

K=sym('K' , [ p , q ] ) ;

t=sym(' t' , [ t s ] ) ;

[ ˜ ,X] = char matr ix d (E, Ac , t0 ) ;

f o r i =1:1 : t s (1 )

tn ( i )={ndgrid ( tmin ( i ) : a : tmax( i ) ) } ;

end

[F{ :} ]= ndgrid ( tn { :} ) ;

gp=prod ( s i z e (F{1 , 1} ) )

f o r j =1:1 : gp

f o r i =1:1 : t s (1 )

t0 ( i )=F{ i , 1} ( j ) ;

end

[ r eg i on , c , modes ] = computeregion ({ eye (n) } ,A, t0 ,mu) ;

s i ze modes=s i z e ( modes ) ;

l l =1;

f o r i i =1:1 : s i ze modes (1 )

i f i s r e a l ( modes ( i i ) )

i f modes ( i i )>c rrm

c rrm=modes ( i i )

end

end

i f ( modes ( i i )>=mu)

[ GradK ] = gradMiMoK( X, Ki , t0 , modes ( i i ) ) ;

i f (norm(GradK)<0.00001)

Fixed=modes ( i i ) ;

d i sp ( [ 'Can not s t a b e l i z e , f i x e d mode

detec ted ' ] )

v=1;

break

end
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end

end

i f v==1

break

end

end

end

2.2. Finding the Region Where the Eigenvalues Should be Added for

all h ∈ Ω

Second function finds the region where the initial eigenvalues should be

added to satisfy parity interlacing property for all h ∈ Ω and defines the minimum

controller dimension

f unc t i on [ d , Feig , v , Reg 1 ] = s t a r t 3 (A,B,C,D, t0 , tmin , tmax , n , q , p

,mu, a , c rrm )

t s=s i z e ( t0 ) ;

F=c e l l ( t s ) ;

v=0;

tn ={};

Reg 1 = [ ] ;

Feig = [ ] ;

f o r i =1:1 : t s (1 )

tn ( i )={ndgrid ( tmin ( i ) : a : tmax( i ) ) } ;

end

[F{ :} ]= ndgrid ( tn { :} ) ;

gp=prod ( s i z e (F{1 , 1} ) )

f o r j =1:1 : gp

f o r i =1:1 : t s (1 )

t0 ( i )=F{ i , 1} ( j ) ;

end

[ ˜ , c , modes ] = computeregion ({ eye (n) } ,A, t0 ,mu) ;

[ d , Reg]= i n i t f r e e p a r (A,B,C,D, t0 , p , q , n , c rrm , modes ,mu) ;

s i ze modes=s i z e ( modes ) ;
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s i z e Reg=s i z e (Reg )

i f j==1

check Reg=s i z e (Reg )

Reg 1=Reg ;

e l s e

i f s i z e Reg˜=check Reg

v=1

di sp ('can not s t a b i l i z e , b lock ing z e ro s r e g i o n s c o n f l i c t s '

)

e l s e

i f ˜ isempty ( Reg 1 )

r =1;

whi l e r<check Reg (2 )

i f Reg ( r )>Reg 1 ( r )

Reg 1 ( r )=Reg( r )

end

i f Reg ( r+1)<Reg 1 ( r+1)

Reg 1 ( r+1)=Reg( r+1)

end

r=r+2

end

end

end

end

i f v==1

break

end

end

f o r i =1: check Reg (2 )−1

i f ( Reg 1 ( 1 , i +1) )>(Reg 1 ( 1 , i ) )

Feig ( i ) =((Reg 1 ( 1 , i +1) )−(Reg 1 ( 1 , i ) ) )/2+Reg 1 ( 1 , i )

e l s e
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v=1;

break

end

end

d=s i z e ( Feig )

d=d (2)

end

2.3. Finding the Region Where the Eigenvalues Should be Added for

Specified h

This function finds the region where the initial eigenvalues should be added

to satisfy parity interlacing property for specified h ∈ Ω and defines the minimum

controller dimension for this h.

f unc t i on [ d , Reg ] = i n i t f r e e p a r (A,B,C,D, t0 , p , q , n , c rrm , modes ,

mu)

% This func t i on f i n d s the t r a n s f e r func t i on o f the system and

f i n d s the

% block ing z e ro s and the e igen va lue s to be added by the

c o n t r o l l e r Feig

%d i s the min dim f o r c o n t r o l l e r

% n i s the open loop system dim , q i s the outputs number and p

i s the inputs number

syms s ;

l= s i z e ( t0 ) ;

l= l (1 ) ;

CC=ze ro s ( q , n) ;

DD=ze ro s ( q , p) ;

BB=ze ro s (n , p) ;

AA=s* eye (n) ;

r eg bz =[ ]

Reg = [ ] ;

f o r i =1:1 : l

i f (˜ isempty (C{ i }) )
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CC=CC+C{ i }*exp(−s* t0 ( i ) ) ;

end

i f (˜ isempty (B{ i }) )

BB=BB+B{ i }*exp(−s* t0 ( i ) ) ;

end

i f (˜ isempty (D{ i }) )

DD=DD+D{ i }*exp(−s* t0 ( i ) ) ;

end

i f (˜ isempty (A{ i }) )

AA=AA−A{ i }*exp(−s* t0 ( i ) ) ;

end

end

AA=inv (AA) ;

TfM=CC*AA*BB+DD;

size TfM=s i z e (TfM) ;

r eg i on =[(mu−0.1) , c rrm + 0 . 0 5 , 0 , 0 ]

ng=(round ( ( r eg i on ( 1 , 2 )−r eg i on ( 1 , 1 ) ) /0 . 01 ) ) +1;

R={};

Blocking Z = [ ] ;

j j =1;

d=10;

f o r i =1:1 : s ize TfM (1)

f o r j =1:1 : s ize TfM (2)

i f (TfM( i , j ) ˜=0)

F=matlabFunction (TfM( i , j ) ) ;

R{ i , j }=(QPmR( reg i on ,F, 1 e−6 ,0 .01) ) ;

i f i snan ( R{ i , j })

R{ i , j }= [ ] ;

a=( reg i on ( 1 , 3 )+reg i on ( 1 , 4 ) ) /1

reg =1;

whi l e reg<2

reg i on =[ r eg i on ( 1 , 1 ) , r eg i on ( 1 , 2 ) , r eg i on ( 1 , 3 ) ,
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r eg i on ( 1 , 3 )+a ] ;

Rn=QPmR( reg i on ,F, 1 e−6 ,0 .01) ;

i f i snan (Rn)

Rn= [ ] ;

a 1=( reg i on ( 1 , 2 )−r eg i on ( 1 , 1 ) ) /ng

r eg 1 =1;

whi l e r eg 1<(ng+1)

r eg i on =[ r eg i on ( 1 , 1 ) , r eg i on ( 1 , 1 )+a 1 ,

r eg i on ( 1 , 3 ) , r eg i on ( 1 , 4 ) ] ;

Rn=QPmR( reg i on ,F, 1 e−6 ,0 .01) ;

i f i snan (Rn)

Rn= [ ] ;

end

i f ˜ isempty (Rn)

s i z R=s i z e (R{ i , j })

s i z Rn=s i z e (Rn)

R{ i , j }( s i z R (1) +1: s i z R (1)+s iz Rn

(1) )=Rn;

Rn= [ ] ;

end

reg 1=reg 1+1

i f r eg 1>(ng )

r eg i on ( 1 , 1 )=reg i on ( 1 , 1 )−ng* a 1 ;

e l s e

r eg i on ( 1 , 1 )=reg i on ( 1 , 2 ) ;

end

end

end

i f ˜ isempty (Rn)

s i z R=s i z e (R{ i , j })
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s i z Rn=s i z e (Rn)

R{ i , j }( s i z R (1) +1: s i z R (1)+s iz Rn (1) )=Rn;

Rn=[ ]

end

reg i on ( 1 , 3 )=reg i on ( 1 , 4 ) ;

reg=reg+1

end

i f isempty (R{ i , j })

d=0;

e l s e

s i z e R=s i z e (R{ i , j }) ;

f o r l =1:1 : s i z e R (1)

T=subs (TfM, s ,R{ i , j }( l ) ) ;

i f ( double ( r e a l (norm(T) ) )<1e−10)

Blocking Z ( j j )=R{ i , j }( l ) ;

j j=j j +1;

end

end

end

end

end

end

end

i f (d˜=0)

Blocking Z=s o r t ( r e a l ( Blocking Z ) , 'descend' ) ;

Zc=ze ro s ( s i z e ( Blocking Z ) ) ;

f o r i =1:1 : s i z e ( modes )

f o r j =1:1 : s i z e ( Blocking Z )

i f r e a l ( modes ( i ) )>r e a l ( Blocking Z ( j ) ) %Blocking Z

( j ) so r t ed from max to min

Zc ( j )=Zc ( j ) +1;

break
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end

end

end

i f s i z e ( Blocking Z )>0

f o r j =1:1 : s i z e ( Blocking Z )

i f (mod( Zc ( j ) , 2 ) ==1)

i f j==1

reg bz =[ Blocking Z ( j ) , c rrm ] ;

e l s e

r eg bz =[ Blocking Z ( j−1) , Blocking Z ( j ) ] ;

end

end

i f ˜ isempty ( reg bz )

s i z e Reg=s i z e (Reg )

Reg ( 1 , s i z e Reg (2 ) +1: s i z e Reg (2 ) +2)=reg bz ;

d=s i z e Reg (2 ) /2 ;

d=d (1) ;

end

end

e l s e

d=0;

end

end

end

2.4. Obtain Controller Matrices

This function writes the free parameters into controller matrices F,G,H,K.

f unc t i on [ c o n t r o l l e r ] = g e t c o n t m a t r i c i e s ( Ki ,m, p , q )
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%e x t r a c t the c o n t r o l l e r m a t r i c i e s from Ki

c o n t r o l l e r .G=Ki ( 1 :m, 1 : q ) ;

c o n t r o l l e r .F=Ki ( 1 :m, q+1:q+m) ;

c o n t r o l l e r .K=Ki (m+1:m+p , 1 : q ) ;

c o n t r o l l e r .H=Ki (m+1:m+p , q+1:q+m) ;

end

3. Obtain Closed-loop System Matrices and Initial Controller Parame-

ters

This function creates the closed loop system matrices which contains the

controller parameters, controller’s free parameters are added to them as symbols,

and the initial controller parameters Ki are constructed.

f unc t i on [E, Ac ,K, Ki ] = c l o s e d s y s 2 (n ,m, q , p ,A,B,C,D, t , Feig , i t e r

, c o n t r o l l e r f o r m ,mu)

%This func t i on c r e a t s the c o n t r o l l e r m a t r i c i e s F G H K as one

block in one

%of canon i ca l forms e i t h e r c o n t r o l l a b l e or obse rvab l e forms ,

and then i t

%c r e a t s the c l oo s ed loop system m a t r i c i e s E, Ac .

% n i s dimension o f A

%m, q , p are the c o n t r o l l e r dimension , outputs numbers , and the

input

%numbers

%A,B,C,D are the system m a t r i c i e s A={A0 , A1 , . . . , Ai}

%i f the re i s no A1 then A={A0 , [ ] , . . . , Ai}

%K conta in s the f r e e parameters o f the c o n t r o l l e r

K=sym('K' , [m+p ,m+q ] )

Ki=randn ( (m+p) , (m+q ) ) ;

Fe ig 1=ze ro s (m, 1 ) ;

s i z e F e i g=s i z e ( Feig ) ;

s i z e F e i g=s i z e F e i g (1 ) ;

f o r j 1 =1: s i z e F e i g
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Feig 1 ( j 1 )=Feig ( j 1 ) ;

end

f o r j 1=s i z e F e i g +1:m

Fe ig 1 ( j 1 )=−(abs ( randn ( 1 , 1 ) ) )+mu−0.1 ;

end

FF=f l i p ( poly ( Fe ig 1 ) ) ;

F coe f=−1*(FF ( 1 , 1 :m) ) ;

H coef=(eye (p ,m) ) ;

f o r j =1:p

H coef ( j , : ) =( ( H coef ( j , : ) * randn ( 1 , 1 ) ) ) /10

end

G coef=(eye (m, q ) ) ;

f o r j =1:m

G coef ( j , : )= ( ( G coef ( j , : ) * randn ( 1 , 1 ) ) ) /10

end

K coef=randn ( ( p) , ( q ) ) /10 ;

i f m>0

i f q>p

% m u l t i v a r i a b l e obse rvab l e form

i f m>p

K( 1 : p , q+1:q+m−p)=ze ro s (p ,m−p)

K(p+1:m, q+1:q+m−p)=eye (m−p)

K(m+1:m+p ,m+q−p+1:q+m)=eye (p)

K(m+1:m+p , q+1:q+m−p)=ze ro s (p ,m−p)

Ki ( 1 : p , q+1:q+m−p)=ze ro s (p ,m−p)

Ki (p+1:m, q+1:q+m−p)=eye (m−p)

Ki (m+1:m+p ,m+q−p+1:q+m)=eye (p)

Ki (m+1:m+p , q+1:q+m−p)=ze ro s (p ,m−p)

Ki ( 1 :m,m+q−p+1:m+q )= ( F coe f ) ;

Ki (m+1:m+p , 1 : q )=K coef

Ki ( 1 :m, 1 : q )=G coef
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e l s e

K(m+1:m+m, q+1:q+m)=eye (m)

Ki (m+1:m+m, q+1:q+m)=eye (m)

Ki ( 1 :m, q+1:q+m)=(F coe f ) ;

Ki ( 1 :m, 1 : q )=G coef ;

Ki (m+1:m+p , 1 : q )=K coef

end

e l s e

% m u l t i v a r i a b l e c o n t r o l l a b l e canon i ca l form

i f m>q

K( 1 :m−q , q+1:2*q ) =ze ro s (m−q , q )

K( 1 :m−q ,2* q+1:q+m)=eye (m−q )

K( 1 :m−q , 1 : q )=ze ro s (m−q , q )

K(m−q+1:m, 1 : q )=eye ( q )

Ki ( 1 :m−q , q+1:2*q ) =ze ro s (m−q , q )

Ki ( 1 :m−q ,2* q+1:q+m)=eye (m−q )

Ki ( 1 :m−q , 1 : q )=ze ro s (m−q , q )

Ki (m−q+1:m, 1 : q )=eye ( q )

Ki (m−q+1:m, q+1:q+m)=F coe f ;

Ki (m+1:m+p , 1 : q )=K coef

Ki (m+1:m+p , q+1:q+m)=H coef ;

e l s e

i f m˜=0

K( 1 :m, 1 :m)=eye (m)

Ki ( 1 :m, 1 :m)=eye (m)

Ki ( 1 :m, q+1:q+m)=F coe f ;

Ki (m+1:m+p , q+1:q+m)=H coef ;

Ki (m+1:m+p , 1 : q )=K coef

end
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end

end

end

E=ze ro s ( ( n+q+m+p) , ( n+q+m+p) )

E( 1 : n , 1 : n )=eye (n)

E(1+n : n+q,1+n : n+q )=ze ro s ( q , q )

E(1+n+q : n+q+m,1+n+q : n+q+m)=eye (m)

E(1+n+q+m: n+q+m+p,1+n+q+m: n+q+m+p)=ze ro s (p , p)

A0=ze ro s ( ( n+q+m+p) , ( n+q+m+p) )

i f ( isempty (B{1}) )

B{1}= zero s (n , p) ;

end

A0 ( 1 : n , n+q+m+1:n+q+m+p)=B{1}

i f ( isempty (D{1}) )

D{1}= zero s ( q , p) ;

end

A0(1+n : n+q , n+q+m+1:n+q+m+p)=D{1}

i f ( isempty (A{1}) )

A{1}= zero s (n , n) ;

end

A0 ( 1 : n , 1 : n )=A{1}

i f ( isempty (C{1}) )

C{1}= zero s ( q , n) ;

end

A0(1+n : n+q , 1 : n )=C{1}

A0(1+n : n+q,1+n : n+q )=−eye ( q )

A0(1+n+q+m: n+q+m+p,1+n+q+m: n+q+m+p)=−eye (p)

FF=sym(' f ' , [ n+q+m+p , n+q+m+p ] )

FF(n+q+1:n+q+m+p , n+1:n+q+m)=K

56



FF=A0+FF

F=sym(' f ' , [ n+q+m+p , n+q+m+p ] )

FF=subs (FF,F , ( z e r o s ( [ n+q+m+p , n+q+m+p ] ) ) )

A0=FF

l=s i z e ( t )

l=l (1 )

Ac=c e l l ( 1 , l ) ;

Ac{1}=A0 ;

f o r i =2:1 : l

Ac{ i}=ze ro s ( ( n+q+m+p) , ( n+q+m+p) )

i f isempty (B{ i })

B{ i}=ze ro s (n , p) ;

end

Ac{ i } ( 1 : n , n+q+m+1:n+q+m+p)=B{ i }

i f isempty (D{ i })

D{ i}=ze ro s ( q , p) ;

end

Ac{ i }(1+n : n+q , n+q+m+1:n+q+m+p)=D{ i }

i f isempty (A{ i })

A{ i}=ze ro s (n , n)

end

Ac{ i } ( 1 : n , 1 : n )=A{ i }

i f isempty (C{ i })

C{ i}=ze ro s ( q , n) ;

end

Ac{ i }(1+n : n+q , 1 : n )=C{ i }

end

end

4. Optimization Function

This function implements the steps 9 to 14 in Algorithm 3.
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f unc t i on [ Kopt , tn , c ] = RobustK2d (E, Ac ,X, t , t0 , tmin , tmax ,K,

Ki , r eg i on ,mu, s t e p s i z e , d e l a y s t e p s i z e )

% Summary o f t h i s func t i on goes here

% This func t i on f i n d s the minimum c by f i n d i n g K* and h*

%Kˆ* =Kopt

%hˆ*=tn

% where K i s a matrix conta in s a l l f r e e parameters o f the

c o n t r o l l e r .

%E, Ac conta in s the c l o s e d system m a t r i c i e s where Ac={A0 , A1

, . . . , Ai}

%t0 =[0; t1 ; t2 ; . . . ; t i ]

% tmax =[0; t 1 max ; t 2 max ; . . . ; t i max ]

% tmin =[0; t 1 min ; t 2 min ; . . . ; t i m i n ]

%X: i s the c l oo s ed loop c h a r e c t e r i s t i c matrix .

%reg i on i s used f o r QPmR

%K conta in s the f r e e parameters

m=1;

i 1 =1;

tn=t0 ;

c o u n t e r i t e r =0;

f =1;

whi l e f>0

whi l e ( i 1>0)

[ ˜ , c ] = computec ( X,K, Ki , t , t0 , r eg i on ) ;

K1=Ki ;

whi l e (m>0)

b=s t e p s i z e ;

[ GradK ] = gradMiMoK( X, Ki , t0 , c ) ;

i f (norm(GradK)<0.0001)

m=0;

n=0;

Knew=Ki ;

e l s e
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n=1;

end

whi le (n==1)

Knew=Ki−(b*GradK) ;

[ ˜ , c1 ] = computec ( X,K, Knew , t , t0 , r eg i on ) ;

i f ( r e a l ( c1 )>=r e a l ( c ) )

i f b>0.000009;

b=b/2 ;

e l s e

n=0;

Knew=Ki ;

m=0;

end

e l s e

n=0;

c=c1 ;

end

end

Ki=Knew ;

end

Ac1=Ac ;% check i f the re i s moodes out o f r eg i on e d i t

the r eg i on and back to minimizat ion .

Ac1{1}=double ( subs (Ac1 {1} ,K, Ki ) ) ;

[ r eg i on cch modes ] = computeregion ({E} , Ac1 , t0 ,mu) ;

i f isempty ( cch )

cch=c ;

end

i f ( cch−c )<0.01

m=2

e l s e

m=1;

Ki=K1 ;

end
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n=1;

t s=s i z e ( t0 ) ;

whi l e (m>1)

a=1;

[ Gradt ] = gradMiMot ( X, Ki , t0 , c , tmin , tmax ) ;

n=1;

whi l e (n==1)

tnew=t0+a*Gradt ;

f o r i =1: t s (1 )

i f ( tnew ( i )>=tmax( i ) )

tnew ( i )=tmax( i ) ;

end

i f ( tnew ( i )<=tmin ( i ) )

tnew ( i )=tmin ( i ) ;

end

end

[ ˜ , c1 ] = computec ( X,K, Ki , t , tnew , r eg i on ) ;

i f ( r e a l ( c1 )<r e a l ( c ) )

i f a>0.001

a=a/2 ;

e l s e

a=0;

n=0;

end

e l s e

n=0;

c=c1 ;

end

end

i f (norm( tnew−t0 )<0.00005)

m=0;

end

t0=tnew ;
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end

m=1;

Ac1=Ac ;

Ac1{1}=double ( subs (Ac1 {1} ,K, Ki ) ) ;

[ r eg i on cc modes ] = computeregion ({E} , Ac1 , t0 ,mu) ;

i f isempty ( cc )

cc=c ;

end

i f ( r e a l ( cc )−r e a l ( c ) )<0.01

i f (norm( tn−t0 )<d e l a y s t e p s i z e )

i 1 =0;

e l s e

tn=t0 ;

m=1;

end

end

end

[ tg , cg ] = max c h gr id (X,K, Ki , t , tn , tmin , tmax , r eg i on ,

d e l a y s t e p s i z e )

c o u n t e r i t e r=c o u n t e r i t e r +1;

i f c o u n t e r i t e r>3

tn=tg ;

c=cg ;

end

i f ( tn==tg )

f =0;

e l s e tn=tg ;

t0=tg ;

i 1 =1;

m=1;

end

end

Kopt=Ki ;

61



end

5. Main Function

The main function is called RobustK4d, this function implements Algo-

rithm 3.

f unc t i on [K1 , Ki , tm , s1 , c o n t r o l l e r f o r m , modes in 1 ] =

RobustK4d (A,B,C,D, t0 , tmin , tmax , n , dmax , q , p ,mu, s t e p s i z e ,

d e l a y s t e p s i z e )

% n i s the open loop system dim , dmax i s a choosen max dim f o r

c o n t r o l l e r , q

% i s the outputs number and p i s the inputs number

% s t e p s i z e i s the i n i t i a l s t ep s i z e used in RobustK2d

func t i on

% A={A 0 , A 1 , . . . , A i } : ( i . e ) i f the re i s no A i r e l a t e d to

t i then A i =[ ]

%but i f the re i s no matrix r e l a t e d to t i f o r B,C or D then i t

should be : [ ]

%t0 =[0 ; t1 ; t2 ; . . . ; t i ]

% tmax =[0; t 1 max ; t 2 max ; . . . ; t i max ]

% tmin =[0; t 1 min ; t 2 min ; . . . ; t i m i n ]

i t e r =0;

i te r max =5;% the number o f i n i t i a l po in t s

c o n t r o l l e r f o r m ={};

s1 = [ ] ;

tm = [ ] ;

Ki =[ ]

K1={};

d=0;

Feig = [ ] ;

b=1;

[ r eg i on , ˜ , modes in 1 ] = computeregion ({ eye (n) } ,A, t0 ,mu) ;%%

open loop modes

[ c rrm , f i x , v ] = s t a r t 2 (A,B,C,D, t0 , tmin , tmax , n , q , p ,mu,
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d e l a y s t e p s i z e )

i f v˜=1

i f c rrm==mu

d=0;

Feig = [ ] ;

e l s e

[ d , Feig , v , Reg 1 ] = s t a r t 3 (A,B,C,D, t0 , tmin , tmax , n , q , p

,mu, d e l a y s t e p s i z e , c rrm )

end

i f v˜=1

whi le (dmax>d)

whi l e i t e r<i t e r max

[E, Ac ,K, Ki ] = c l o s e d s y s f (n , d , q , p ,A,B,C,D, t0 ,

Feig , b , c o n t r o l l e r f o r m ,mu)

[ t ,X] = char matr ix d (E, Ac , t0 ) ;

[ Kopti , t n i , c i ] = RobustK2d (E, Ac ,X, t , t0 ,

tmin , tmax ,K, Ki , r eg i on ,mu, s t e p s i z e ,

d e l a y s t e p s i z e )

i f i t e r ==0;

c=c i ;

Kopt=Kopti

tn=t n i

K1{b}=Ki ;

end

i f c i<c

c=c i ;

Kopt=Kopti

tn=t n i

K1{b}=Ki ;

end

i t e r=i t e r +1;

end

i t e r =0;
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t0=tn ;

Ac1=Ac ;

Ac1{1}=double ( subs (Ac1 {1} ,K, Kopt ) ) ;

[ r eg i on , c , modes in ] = computeregion ({E} , Ac1 , tn ,

mu) ;

i f ( c<mu)

l=d ;

d=dmax+1;

e l s e

l=d ;

d=d+1;

end

[ c o n t r o l l e r f o r m {b}]= g e t c o n t m a t r i c i e s ( Kopt , l , p , q

) ;

s1 (b)=c ;

tm{b}=tn ;

b=b+1;

end

end

end

end

6. Algorithm 4

The main function can be used to implement Algorithm 4, after calling the function

RobustK2d2 instead of calling the function RobustK2d.

f unc t i on [ Kopt , tn , c ] = RobustK2d2 (E, Ac ,X, t , t0 , tmin , tmax ,K,

Ki , r eg i on ,mu, s t e p s i z e , i t e r , c i t e r )

% This func t i on f i n d s the minimum c by f i n d i n g K* and h*

%K* =Kopt

%h*=tn

% where K conta in s a l l f r e e parameters o f the c o n t r o l l e r .

%E, Ac conta in s the c l o s e d system m a t r i c i e s where Ac={A0 , A1

, . . . , Ai}
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%t0 =[0; t1 ; t2 ; . . . ; t i ]

% tmax =[0; t 1 max ; t 2 max ; . . . ; t i max ]

% tmin =[0; t 1 min ; t 2 min ; . . . ; t i m i n ]

%X: i s the c l oo s ed loop c h a r e c t e r i s t i c matrix .

%reg i on i s used f o r QPmR

m=1;

n=1;

tn=t0 ;

Ac1=Ac ;

Ac1{1}=double ( subs (Ac1 {1} ,K, Ki ) ) ;

[ r eg i on , c , modes in ] = computeregion ({E} , Ac1 , t0 ,mu) ;

whi l e (m>0)

b=s t e p s i z e ;

[ GradK ] = gradMiMoK( X, Ki , t0 , c ) ;

i f (norm(GradK) )<0.0001

m=0

end

n=0;

whi l e (n==0)

Knew=Ki−(b*GradK) ;

[ tnew , c1 ]= max c h gr id (X,K, Knew , t , tn , tmin , tmax ,

r eg i on , 0 . 1 )

i f ( r e a l ( c1 )>r e a l ( c ) )

i f b>0.00001

b=b/2 ;

e l s e

n=1;

m=0;

n=1;

Ki=Knew ;

c=c1 ;

end
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e l s e

Ki=Knew ;

c=c1 ;

t0=tnew ;

n=1;

end

end

end

[ tn , c ] = max c h gr id (X,K, Ki , t , tn , tmin , tmax , r eg i on , 0 . 1 )

Kopt=Ki ;

end
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